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The modern works on fracture mechanics of viscoelastic bodies
are mostly devoted to the problems for single isolated crack. So
the failure state is reached by the studied body in one of the follow-
ing cases: when the loading reaches some critical value (Irwin,
1948) or as a result of subcritical crack growth up to its critical
length (Schapery, 1986; Knauss, 1993; Kaminsky, 1994; Kaminsky,
1998). However, there is another mechanism that can lead to a
failure of the solid body. It is multisite fracture when the failure is
a result of coalescence of several subcritical crack into a single big
crack (Gutzul and Kaminsky, 1989; Kaminsky, 1990). The growth
of this big crack is just a ﬁnal stage of the fracture process. This
mechanism is known to happen in some aircraft structures.
However, it should be noted that the theoretical investigation of
the last mechanism is not complete, so there is a need in solutions
of the several problems for elastic, elastoplastic and viscoelastic
bodies weakened by the systems of cracks taking into account
the modern models of fracture mechanics. At the time when this
paper was written there are only a few solutions for the problems
of this class are given (Vitvitskiy, 1965; Parton and Morozov, 1989;
Collins and Cartwright, 1996; Hao, 2001; Nishimura, 2002; Zhou
and Wang, 2006; Xu and Wu, 2012; Chang and Kotousov, 2012;
Chang and Kotousov, 2012).
Numerous experimental studies, see (Williams, 1984) and sur-
veys (Kaminsky, 2004; Kaminsky and Nizhnik, 1995) show that
there are partial fracture (process) zones in the front of crackwhich move as the crack grows. These zones appear due to the
high level of the stress near the crack front. The material in the pro-
cess zones converts to a semi-fractured state (e.g. the state in craze
zones in polymers).
The pattern of the fracture process zone, its structure and size
are the crucial factors of adequate description of the fracture pro-
cess. As it is shown in the modern studies (Parton and Morozov,
1989; Kaminsky and Selivanov, 2001; Kaminsky and Chernoivan,
2004), the most effective techniques to describe crack growth in
viscoelastic and elasto-plastic bodies make use models that taking
into account process zones. These models are also referred as two-
phase models as they are taking into account two phases of frac-
ture instead of one phase in Grifﬁth–Irwin model where solid
material failure during the fracture occurs rapidly (without a tran-
sitional state). The model of Leonov–Panasyuk that is used to study
elastic and viscoelastic bodies, Dugdales model for elasto-plastic
bodies and some other models (Knauss, 1993; Schapery, 1986)
are two-phase models. The choice of the model to describe the
fracture of materials should be made taking into account physical
and mechanical properties of the material.
As in many cases the process zone is a thin wedge-shaped
defect align the crack it can be modeled using Leonov–Panasyuk–
Dugdale model as a split with self-balanced stresses r applied
along of this split (r is a tensile strength of the material for the
Leonov–Panasyuk model (Panasyuk, 1969) and a yield stress for
the Dugdale model (Dugdale, 1960)).
Modern fracture mechanics uses energy, stress and deformation
criteria to describe the process of fracture for materials of different
types. The deformation criteria can be effective for the elasto-plas-
tic materials with considerable plastic zones near the crack front.
The stress criterion based on SIF can give an inappropriate
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criterion, namely the COD-criterion, is widely used to study the
subcritical growth of the cracks in viscoelastic materials. This
criterion allows to obtain kinetic equations of slow crack growth
in viscoelastic media (see surveys (Schapery, 1986; Kaminsky,
2004)).
To use the deformation criteria in mode I problems it is neces-
sary to determine opening displacement dI l; pð Þ ¼ 2v l; pð Þ at the
crack tip (where p is the loading intensity and v is a displacement
component which is normal to the crack). It is worth noting that
the corresponding calculations have not been given in the above
cited works. Then the fracture criterion is as follows (Wells,
1961; Panasyuk, 1969)
dI l; pð Þ ¼ dIc ð1Þ
where p is a critical intensity of the external loading that makes the
crack grow; dIc is the COD. Using Eq. (1) one can determine the crit-
ical loading p by the known COD.
For a crack in viscoelatic body under the subcritical level of
external loading, the COD criterion can be written as (Savin and
Kaminsky, 1967)
dI t; l; pð Þ ¼ dIc: ð2Þ
Eq. (2) can be solved to determine the duration of mode I crack ini-
tiation for a known value of p.
Thus, to investigate long-term fracture of viscoelastic bodies it
is needed to determine the displacement of the crack faces using
the model which takes into account the process zone at the crack
front. The aim of this work is to establish the relations to obtain
the crack opening in the system of collinear cracks.
This work deals with a stressed state of an inﬁnite plate with a
system of three collinear cracks. To determine the length of process
zones and the opening displacement a solution for the plane with
rectilinear slits given in Muskhelishvili (1953) is used. An approach
that is used in this work is based on a polynomial representation of
the general solution of one-dimensional problem of linear conjunc-
tion on the segments where the loading is applied. This represen-
tation allows us to determine principal values of the integrals in
the solution of the linear conjunction problem. The obtained equa-
tions were used to solve a problem of initial period of crack devel-
opment in a viscoelastic plate using Leonov–Panasyuk–Dugdale
model and COD criterion. A comparison of the obtained results
with the results which are known from literature is given (see
Appendix A), as well as a discussion on possibility to expand the
solution on the determination of service life for viscoelastic bodies
with crack sets.
2. Problem statement
Consider a system of three collinear cracks of arbitrary length in
an inﬁnite isotropic elastic body. The body is assumed to be under
uniform normal to the crack line tension p applied at inﬁnity. To
formulate boundary conditions of the problem Cartesian coordi-
nate system with Ox axis along the crack line is used.
According to Leonov–Panasyuk–Dugdale model a zone of non-
linear behavior at the crack tip can be substituted by a slit with
compressing stresses of intensity r applied on its faces. These
stresses are shown as a uniformly distributed loading along the
corresponding segments in Fig. 1. Thus the problem of elasticity
theory for the upper half-plane has the following boundary condi-
tions for stresses along Ox:
sxyðtÞ ¼ 0; t 2 L; ryðtÞ ¼ 0; t 2 L
0
r; t 2 L00

;
whereL ¼
[3
k¼1
Lk; Lk ¼ ðck;dkÞ; problem a
L1 [ L2; L1 ¼ ðc1;d2Þ; L2 ¼ ðc3;d3Þ; problem b
L1 [ L2; L1 ¼ ðc1;d1Þ; L2 ¼ ðc2;d3Þ; problem c
L1; L1 ¼ ðc1;d3Þ; problem d
8>>>><
>>>:
;
L0 ¼
[3
k¼1
ðak; bkÞ; L00 ¼ L L0:
The positions of ck and dk should be determined from the con-
dition of stress ﬁniteness at these points. If the cracks (segments
of L0 on Fig. 1) are close enough to each other adjacent zones of
non-linear behavior (process zones) can form a continuous united
zone. A condition of forming this united zone is the condition of the
problem a being unsolvable. All possible cases of the mutual cracks
positions are shown on Fig. 1.
Solutions of the problems a and b are given below. It can be seen
that the solution of problem c can be obtained from the solution of
the problem b by the inverse of x-axis direction. The problem d has
a simple analytic solution that is also given below.
3. Solution for the separate process zones (problem a)
3.1. General solution of the problem
The general solution of a problem for a plane with collinear slits
under the normal to the slits tension applied at inﬁnity can be
expressed using two complex functions UðzÞ and XðzÞ (see
(Muskhelishvili, 1953)):
UðzÞ ¼ U0ðzÞ þ PnðzÞXðzÞ 
p
4
; XðzÞ ¼ UðzÞ þ p
2
; ð3Þ
where
U0ðzÞ ¼ r FðzÞXðzÞ ; FðzÞ ¼
1
2pi
Z
L00
XþðtÞ
t  z dt;
XðzÞ ¼
Yn
k¼1
ðz ckÞ1=2ðz dkÞ1=2; ð4Þ
PnðzÞ ¼
Xn
k¼0
Ckznk; C0 ¼ p2 ;
n is the number of slits, ck and dk are the ends of kth slit
(k ¼ 1;2; . . . ;n).
Polynomial coefﬁcients Ck can be obtained from the condition of
displacement uniqueness:
2
Z
Lk
PnðtÞ
XþðtÞdt þ
Z
Lk
½Uþ0 ðtÞ U0 ðtÞdt ¼ 0; k ¼ 1;2; . . . ;n: ð5Þ
Then the displacement can be obtained from the following
equation
2lðuþ ivÞ ¼ ,uðzÞ xðzÞ  ðz zÞUðzÞ; ð6Þ
where , ¼ ð3kþ lÞ=ðkþ lÞ for the plain stress; k and l are Lamé
constants,
xðzÞ ¼
Z
XðzÞdz; uðzÞ ¼
Z
UðzÞdz:3.2. Numerical solution of the problem
The function in (4) for n ¼ 3 can be written on the upper faces of
slits as
Fig. 1. Illustration of possible boundary condition dependency on crack disposition.
Fig. 2. The notation for geometric parameters used for crack tips.
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X^ðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃY3
k¼1
ðt  ckÞðt  dkÞ


vuut :
Using Sokhotskiy–Plemel formulas one can obtain
U0 ðtÞ ¼
r
2
gðtÞ þ r1GðtÞ
XðtÞ ;
where
gðtÞ ¼ 1; t 2 L
00
0; t 2 L0

; r1 ¼ r2p ;
GðtÞ ¼
Z
L00
X^ðsÞ
s t ds ¼
X3
k¼1
ð1Þ3k½FckðtÞ þ FdkðtÞ
ð8Þ
and
FckðtÞ ¼
Z ak
ck
X^ðsÞ
s t ds; FdkðtÞ ¼
Z dk
bk
X^ðsÞ
s t ds: ð9Þ
Then
Uþ0 ðtÞ U0 ðtÞ ¼ 2
r1GðtÞ
XþðtÞ ;
Z
Lk
½Uþ0 ðtÞU0 ðtÞdt¼
2r1Jk
ð1Þ3ki
; Jk ¼
Z
Lk
GðtÞ
X^ðtÞ
dt; k¼1;2;3: ð10Þ
The function in the numerator of (9) can be presented asX^ðyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y
X5
i¼0
qðckÞiyi
vuut ; y ¼ t  ck;
X^ðyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y
X5
i¼0
qðdkÞiyi
vuut ; y ¼ dk  t;
ð11Þ
near the ends of the slits ck;dk. The analytical integration of Fck and
Fdk leads to automorphic functions. To simplify the calculations
function X^ can be presented as polynomial on each of the segments
ð0; y0ckÞ; ð0; y0dkÞ, where
yck ¼ ak  ck; y0ck ¼ jyck ¼ a0k  ck;
ydk ¼ dk  bk; y0dk ¼ jydk ¼ dk  b0k
(see Fig. 2), and j is lightly larger than 1.
One can obtain for the arguments from ð0; y0ckÞ and ð0; y0dkÞ
X^ðyÞ  ﬃﬃﬃyp Xnck
m¼0
gðckÞmðy=y0ckÞm; X^ðyÞ 
ﬃﬃﬃ
y
p Xndk
m¼0
gðdkÞmðy=y0dkÞm; ð12Þ
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Substitutions s ¼ ck þ yckx2 and s ¼ dk  ydkx2 in (9) give us
FckðtÞ 
Z 1
0
ﬃﬃﬃﬃﬃﬃ
yck
p
x
P
gðckÞmðyckx2=y0ckÞm
yckx2  ðt  ckÞ
2yckxdx;
FdkðtÞ 
Z 1
0
ﬃﬃﬃﬃﬃﬃ
ydk
p
x
P
gðdkÞmðydkx2=y0dkÞm
dk  t  ydkx2
2ydkxdx
ð13Þ
or
FckðdckÞ  2 ﬃﬃﬃﬃﬃﬃyckp
Z 1
0
Xnck
m¼0
hðckÞm
x2mþ2dx
x2  dck ;
FdkðddkÞ  2
ﬃﬃﬃﬃﬃﬃ
ydk
p Z 1
0
Xndk
m¼0
hðdkÞm
x2mþ2dx
x2  ddk ;
ð14Þ
where
hðckÞm ¼ gðckÞm
yck
y0ck
 m
¼ gðckÞm
jm
; dck ¼ dckðtÞ ¼ t  ckyck
;
hðdkÞm ¼ gðdkÞm
ydk
y0dk
 m
¼ gðdkÞm
jm
; ddk ¼ ddkðtÞ ¼ dk  tydk
:
ð15Þ
Then integration in (14) yields
FckðdckÞ  2 ﬃﬃﬃﬃﬃﬃyckp Xn
m¼0
hðckÞmfmðdckÞ;
FdkðddkÞ  2
ﬃﬃﬃﬃﬃﬃ
ydk
p Xn
m¼0
hðdkÞmfmðddkÞ;
ð16Þ
where
fmðdÞ ¼
Z 1
0
x2mþ2
x2  ddx:
If jdj > 1
fmðdÞ ¼ d1
X1
j¼0
dj
2ðmþ jþ 1Þ þ 1 ;
if jdj < 1 it is possible to use recurrent formula
fmðdÞ ¼
1
2mþ 1þ dfm1ðdÞ; m ¼ 0;1; . . . ;n;
where
df1ðdÞ ¼ d
Z 1
0
dx
x2  d ¼
ﬃﬃﬃﬃﬃ
jdj
p

1
2 ln
1
ﬃﬃ
d
p
1þ
ﬃﬃ
d
p ; dP 0
 tan1 1ﬃﬃﬃﬃdp ; d < 0
(
:
Further,
fmðdÞ ¼
Xm
j¼0
dj
2ðm jÞ þ 1þ d
mþ1f1ðdÞ
and
Xn
m¼0
hmfmðdÞ ¼ VðdÞ þ df1ðdÞHðdÞ;
where
VðdÞ ¼
Xn
m¼0
vmdm; HðdÞ ¼
Xn
m¼0
hmd
m; vm ¼
Xn
j¼m
hj
2ðjmÞ þ 1 :
Whence, for the given problem parameters ck; ak; bk and dk
(k ¼ 1;2) one can obtain the following representations of FckðtÞ
and FdkðtÞ for ck 6 t 6 a0k and b0k 6 t 6 dk accordingly
FckðdÞ  2 ﬃﬃﬃﬃﬃﬃyckp ½VckðdÞ þ df1ðdÞHckðdÞ; d ¼ dck;
FdkðdÞ  2 ﬃﬃﬃﬃﬃﬃydkp ½VdkðdÞ þ df1ðdÞHdkðdÞ; d ¼ ddk: ð17ÞEach representation is deﬁned by its own set of quotients
hðckÞm;v ðckÞm (m ¼ 0;1; . . . ;nck) for polynomials Hck and Vck, and
hðdkÞm;v ðdkÞm (m ¼ 0;1; . . . ;ndk) for polynomials Hdk and Vdk.
Consider the computational procedure to obtain Jk (k ¼ 1;2;3)
in (10). To proceed, we ﬁrst divide the interval of integration into
three parts; ðck; dkÞ ¼ ðck; a0kÞ [ ða0k; b0kÞ [ ðb0k; dkÞ then rewrite Jk as
a sum of three integrals over these three parts
Jk ¼
Z dk
ck
GðtÞ
X^ðtÞ
dt ¼ Ick þ Iabk þ Idk: ð18Þ
Among the functions Fck; Fdk (k ¼ 1;2;3), function Fcl has nonin-
tegrable singularity on ðcl; a0lÞ and Fdl has nonintegrable singularity
on ðb0l; dlÞ. Consider the computation of Icl principal value. Similar
formulas that can be obtained for Idl; Iabk have no singularities.
Using (8) for GðtÞ one can obtain
Icl ¼
Z a0
l
cl
ð1Þ3lFclðdclÞ
X^ðtÞ
dt þ
Z a0
l
cl
BclðtÞ
X^ðtÞ
dt; ð19Þ
where
BclðtÞ ¼
X3
k ¼ 1
k–l
ð1Þ3kFckðdckÞ þ
X3
k¼1
ð1Þ3kFdkðddkÞ; ð20Þ
dck and ddk are the functions of t, they are deﬁned by (15).Substitut-
ing t ¼ cl þ yclx2 into (19) and taking into account (12) and (15) it
can be shown that
X^ðtÞ ¼ ﬃﬃﬃﬃﬃyclp xHclðx2Þ: ð21Þ
Then using (17) and (21)
Icl ¼ 2
ﬃﬃﬃﬃﬃ
ycl
p Z ﬃﬃjp
0
Bclðcl þ yclx2Þ
Hclðx2Þ dxþ ð1Þ
3l
 4ycl
Z ﬃﬃjp
0
Vclðx2Þ þ x2f1ðx2ÞHclðx2Þ
Hclðx2Þ dx:
The ﬁrst integral has no singularities. The second integral can be
found as
ð1Þ3l  4
Z ﬃﬃjp
0
Vclðx2Þ
Hclðx2Þ þ
x
2
ln
1 x
1þ x
 
dx ¼ ð1Þ3l 4
Z ﬃﬃjp
0
Vclðx2Þ
Hclðx2Þdxþ j0
" #
;
where
j0 ¼ ðj 1Þ ln
ﬃﬃﬃ
j
p  1ﬃﬃﬃ
j
p þ 1 2
ﬃﬃﬃ
j
p
:
To calculate displacement at the crack tips we need to put
j ¼ 1. This gives us j0 ¼ 2.
Now it can be shown that
Icl ¼ 2ycl
Z ﬃﬃjp
0
ð1Þ3l  2 ﬃﬃﬃﬃﬃyclp Vclðx2Þ þ Bclðcl þ yclx2Þﬃﬃﬃﬃﬃ
ycl
p
Hclðx2Þ dxþ ð1Þ
3l  j0
2
" #
ð22Þ
has no singularities.
Similarly,
Idl ¼ 2ydl
Z ﬃﬃjp
0
ð1Þ3lþ1  2 ﬃﬃﬃﬃﬃﬃydlp Vclðx2Þ þ Bdlðdl  ydlx2Þﬃﬃﬃﬃﬃﬃ
ydl
p
Hdlðx2Þ dx ð1Þ
3l  j0
2
" #
;
ð23Þ
where
BdlðtÞ ¼
X3
k¼1
ð1Þ3kFckðdckÞ þ
X3
k ¼ 1
k–l
ð1Þ3kFdkðddkÞ:
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Now we calculate the quotients J and I for the case adjacent slit
ends dk and ckþ1 Fig. 2. Decreasing of wk ¼ ckþ1  dk values lead to
increasing of qðdkÞ1 and qðc;kþ1Þ1 in (11) and increasing of ndk and
nc;kþ1 in (12).
Eqs (11) can be rewritten as
X^ðyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
yðyþwkÞ
X4
i¼0
q0ðc;kþ1Þiy
i
vuut ;
X^ðyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
yðwk  yÞ
X4
i¼0
q0ðdkÞiy
i
vuut ;
ð24Þ
The quotients with primes below denote the case where the repre-
sentation (24) is used for X^. The quotients without primes are for
representation (11).Then it can be written for X^ðtÞ near dk and
ckþ1 using (12) that
X^ðyÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
yðyþwkÞ
p Xnc;kþ1
m¼0
g0ðc;kþ1Þmðy=y0c;kþ1Þm;
X^ðyÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
yðyþwkÞ
p Xndk
m¼0
g0ðdkÞmðy=y0dkÞm:
ð25Þ
Further,
Fc;kþ1ðtÞ 
Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃyc;kþ1p x ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃyc;kþ1x2 þwkq P g0ðc;kþ1Þmðyc;kþ1x2=y0c;kþ1Þm
yc;kþ1x2  ðt  ckþ1Þ
2yc;kþ1xdx;
FdkðtÞ 
Z 1
0
ﬃﬃﬃﬃﬃﬃ
ydk
p
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ydkx2 þwk
p P
g0ðdkÞmðydkx2=y0dkÞm
dk  t  ydkx2
2ydkxdx:
The expressions that correspond to (14) for the distant cracks,
are as follows
Fc;kþ1ðd; eÞ  2yc;kþ1
Z 1
0
Xnc;kþ1
m¼0
h0ðc;kþ1Þm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ ep
x2  d x
2mþ2dx; d ¼ dc;kþ1; e ¼ ec;kþ1;
Fdkðd; eÞ  2ydk
Z 1
0
Xndk
m¼0
h0ðdkÞm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ ep
x2  d x
2mþ2dx; d ¼ ddk; e ¼ edk;
ð26Þ
where h0ðc;kþ1Þm and h
0
ðdkÞm can be determined similarly to (15) and
ec;kþ1 ¼ wkyc;kþ1
; edk ¼ wkydk
: ð27Þ
After consecutive integration in (26) one can obtain
Fc;kþ1ðd; eÞ  2yc;kþ1
Xnc;kþ1
m¼0
h0ðc;kþ1Þmfmðd; eÞ; d ¼ dc;kþ1; e ¼ ec;kþ1;
Fdkðd; eÞ  2ydk
Xndk
m¼0
h0ðdkÞmfmðd; eÞ; d ¼ ddk; e ¼ edk;
ð28Þ
where
fmðd; eÞ ¼
Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ ep
x2  d x
2mþ2dx:
If jdj > 1,
fmðd; eÞ ¼ d1
X1
j¼0
gmþjþ1ðeÞdj;
gnðeÞ ¼
Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ e
p
x2ndx; n ¼ 0;1;2; . . . ð29ÞIf e 6 1 these quotients can be computed using recurrent
formula
gnðeÞ ¼
1
2ðnþ 1Þ eYnþ1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e
p	 

;
Y1 ¼ ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ep þ 1ﬃﬃ
e
p ;
Ynþ1 ¼ 12n ð2n 1ÞeYn þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e
ph i
; n ¼ 1;2; . . .
For arbitrary e,
gnðeÞ ¼
ﬃﬃ
e
p
2nþ 1 Fð1=2; nþ 1=2; nþ 3=2; 1=eÞ;
where F is the hypergeometric function.
To determine the quotients fmðd; eÞ for jdj < 1 one can use recur-
rent formula
fmðd; eÞ ¼ gmðeÞ þ dfm1ðd; eÞ; m ¼ 0;1; . . . ;n;
where
f1ðd; eÞ ¼
Y1 þ c2 ln
ﬃﬃﬃﬃﬃﬃ
1þep cﬃﬃﬃﬃﬃﬃ
1þep þc ; c
2 ¼ 1þ ed > 0
Y1 þ c tan1 cﬃﬃﬃﬃﬃﬃ1þep ; c2 ¼ 1 ed > 0
8<
: :
Then
fmðd; eÞ ¼
Xm
j¼0
gmjðeÞdj þ dmþ1f1ðd; eÞ
and
Xn
m¼0
h0mfmðd; eÞ ¼ V 0ðdÞ þ df1ðd; eÞH0ðdÞ;
where
V 0ðdÞ ¼
Xn
m¼0
vmdm; H0ðdÞ ¼
Xn
m¼0
h0md
m; v 0m ¼
Xn
j¼m
hjgjm:
Thus, the expressions for the functions FckðtÞ and FdkðtÞ are
obtained for ck 6 t 6 a0k and b
0
k 6 t 6 dk. These expressions are sim-
ilar to (17) for the distant cracks:
FckðdÞ  2yck½V 0ckðdÞ þ df1ðdÞH0ckðdÞ; d ¼ dc;kþ1;
FdkðdÞ  2ydk½V 0dkðdÞ þ df1ðdÞH0dkðdÞ; d ¼ ddk;
ð30Þ
Every expression has its own set of quotients h0ðckÞm;v 0ðckÞm
(m ¼ 0;1; . . . ;nck) for polynomials H0ck;V 0ck and h0ðdkÞm; v 0ðdkÞm
(m ¼ 0;1; . . . ;ndk) for polynomials H0dk;V 0dk.
Now we can determine Jk (k ¼ 1;2;3) using (18). As it was men-
tioned above, among the other Fck; Fdk (k ¼ 1;2;3) functions, Fcl has
nonintegrable singularity on ðcl; a0lÞ and Fdl has nonintegrable sin-
gularity on ðb0l; dlÞ. Consider the computation of Icl principal value
for both values of l, 2 and 3. Substituting t ¼ cl þ yclx2 into (19)
and using (25) and (30) yields
X^ðtÞ ¼ ﬃﬃﬃﬃﬃyclp x ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃyclx2 þwlq H0clðx2Þ: ð31Þ
Taking into account (30) one can obtain
Icl ¼ ð1Þ3l  4ycl
Z ﬃﬃjp
0
V 0clðx2Þ þ x2f1ðx2ÞH0clðx2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ ecl
p
H0clðx2Þ
dx
þ 2
Z ﬃﬃjp
0
Bclðcl þ yclx2Þ
H0clðx2Þ
dx;
where BclðtÞ is deﬁned by (20) and
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Z ﬃﬃjp
0
x2f1ðx2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ ep dx
¼ 2 Y1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jðjþ eÞ
p
 eY1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e
p	 

ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jþ ep þ ﬃﬃﬃjpﬃﬃ
e
p
 
þ j ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jð1þ eÞp  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃjþ epﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jð1þ eÞp þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃjþ ep :
To determine the displacements at the crack tips we need the
last integral for j ¼ 1. Then j0ð1; eÞ ¼ 2Y21e.
Further,
Icl ¼ 2
Z ﬃﬃjp
0
ð1Þ3l  2yclV 0clðx2Þ þ Bcl cl þ yclx2
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ ecl
p
H0clðx2Þ
dx
þ ð1Þ3l  yclj0ðj; eclÞ;
ð32Þ
where there is no singularities.
Using the similar approach one can obtain
Idl ¼ 2
Z ﬃﬃjp
0
ð1Þ3lþ1  2ydlV 0dlðx2Þ þ Bdl dl  ydlx2
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ edl
p
H0dlðx2Þ
dx
þ ð1Þ3l  ydlj0ðj; edlÞ: ð33Þ
Now, it sufﬁces to deﬁne the conditions of (11) or (24) usage in
expression for X^: for k ¼ 1 or eck P 1 we use the ﬁrst of Eqs. (11),
for k > 1 and eck < 1 the ﬁrst of Eqs. (24); for k ¼ n or edk P 1 the
second of Eqs. (11), for k < n and edk < 1 the second of Eqs. (24).
Values of eck and edk can be determined using (27).
3.4. Lengths of process zones and vertical displacement of crack faces
Denote
Ik;m ¼
Z dk
ck
tm dt
X^ðtÞ
: ð34Þ
The corresponding integrals can be determined using the
scheme explained above
Ik;m ¼
Z ak
ck
tm dt
X^ðtÞ
þ
Z bk
ak
tm dt
X^ðtÞ
þ
Z dk
bk
tm dt
X^ðtÞ
¼ 2
Z 1
0
ðck þ yckx2Þm
Dckðx2Þ dxþ
Z bk
ak
tm dt
X^ðtÞ
þ 2
Z 1
0
ðdk  ydkx2Þm
Ddkðx2Þ dx;
where
DckðnÞ ¼
HckðnÞ= ﬃﬃﬃﬃﬃﬃyckp ; k ¼ 1 or eck > 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ eck
p
H0ckðnÞ; k > 1 and eck < 1

;
DdkðnÞ ¼
HdkðnÞ= ﬃﬃﬃﬃﬃﬃydkp ; k ¼ 3 or edk > 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nþ edk
p
H0dkðnÞ; k < 3 and edk < 1

:
The condition of displacement uniqueness (5) can be written as
a system of linear algebraic equations
X3
n¼1
Ik;3n~Cn ¼ J1  Ik;3~C0; ~Ck ¼
Ck
r1
; k ¼ 0; . . . ;3;
This system allows us to determine C1;C2 and C3.
UðzÞ then is as follows
UðzÞ ¼ r FðzÞ
XðzÞ þ
~P3ðzÞ
XðzÞ 
p
4
; ~P3ðzÞ ¼
X3
n¼0
~Cnz3n:
To ﬁnd the crack opening displacement we have to determine
the values of this function on the crack faces. Using Sokhotskiy–
Plemel formula we haveUðxÞ ¼ r
2
gðxÞ þ r1 GðxÞ þ
~P3ðxÞ
XðxÞ 
p
4
; XðxÞ ¼ UðtÞ þ p
2
; ð35Þ
where functions gðxÞ and GðxÞ can be determined using (8) as func-
tions of geometry parameters.
Parameters ck; dk; k ¼ 1;2;3 can be found using the condition of
U ﬁniteness:
GðckÞ þ ~P3ðckÞ ¼ 0
GðdkÞ þ ~P3ðdkÞ ¼ 0
(
; k ¼ 1;2;3:
This gives us a system of 6 non-linear equations. Quotients of P3ðxÞ
and values of function G at z ¼ ck; s ¼ dk in this system should be
treated as functions of ck;dk.
Consider now the displacements on crack faces. According to (6)
the displacement for the upper face of kth slit is as follows
½uðxÞ þ ivðxÞ ¼ 1
2l
Z
,UðxÞ XðxÞ dx:
It can be shown using (35) that
½uðxÞ þ ivðxÞ ¼ K1
Z
r1
GðxÞ þ ~P3ðxÞ
XðxÞ 
p
4
" #
dxþK2 r2
Z
gðxÞdx;
K1 ¼ ,þ 12l ; K2 ¼
, 1
2l
:
For the plane stress this can be written as
K1 ¼ 4E ; K2 ¼
2ð1 mÞ
E
:
Taking into account (7) one can obtain the displacement for the
upper face of kth slit (k ¼ 1;2;3) as
uðxÞ ¼ K1 p4 xþK2
r
2
Z x
0
gðsÞds;
vðxÞ ¼ ð1Þ3kþ1K1r1v0ðxÞ; ð36Þ
where
v0ðxÞ ¼
Z x
ck
GðsÞ þ ~P3ðsÞ
X^ðsÞ
ds: ð37Þ
Using (22), (23), (32), (33) it can be shown that at the crack tips
v0ðakÞ ¼ ð1Þ3kþ1 yck ð1Þ3kþ1
n
þ
Z 1
0
ð1Þ3k  2 ﬃﬃﬃﬃﬃﬃyckp Vckðx2Þ þ Bckðck þ yckx2Þ þ ~P3ðck þ yckx2Þﬃﬃﬃﬃﬃﬃ
yck
p
Hckðx2Þ dx
)
;
when k ¼ 1 or eck P 1 and
v0ðakÞ ¼ ð1Þ3kþ1 ð1Þ3kþ1  yck Y21 eck
n
þ
Z 1
0
ð1Þ3k  2yckV 0ckðx2Þ þ Bckðck þ yckx2Þ þ ~P3ðck þ yckx2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ eck
p
H0ckðx2Þ
dx
)
;
when k > 1 and eck < 1;
v0ðbkÞ ¼ ð1Þ3k ydk ð1Þ3k
n
þ
Z 1
0
ð1Þ3kþ1  2 ﬃﬃﬃﬃﬃﬃydkp Vdkðx2Þ þ Bdkðdk  ydkx2Þ þ ~P3ðdk  ydkx2Þﬃﬃﬃﬃﬃﬃ
ydk
p
Hdkðx2Þ dx
)
;
when k ¼ 3 or edk P 1 and
v0ðbkÞ ¼ ð1Þ3k ð1Þ3k  ydk Y21 edk
n
þ
Z 1
0
ð1Þ3kþ1  2ydkV 0dkðx2Þ þ Bdkðdk  ydkx2Þ þ ~P3ðdk  ydkx2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ edk
p
H0dkðx2Þ
dx
)
;
A.A. Kaminsky et al. / International Journal of Solids and Structures 50 (2013) 2929–2942 2935when k < 3 and edk < 1.4. Coalescence of inner process zones (problem b)
In this problem there are two slits and ﬁve process zones.
The function from (4) on the upper faces of cracks can be re-
written for n ¼ 2 as
XþðtÞ ¼ ð1Þ2kiX^ðtÞ; t 2 Lk; k ¼ 1;2;
X^ðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Y3
k ¼ 1
k–2
ðt  ckÞ
Y3
k¼2
ðt  dkÞ


vuuuuuuut :
Then the second integral in the condition of displacement
uniqueness (5) is as followsZ
Lk
½Uþ0 ðtÞ U0 ðtÞdt ¼
2r1Jk
ð1Þ2ki
; Jk ¼
Z
Lk
GðtÞ
X^ðtÞ
dt;
k ¼ 1;2; ð38Þ
GðtÞ ¼  Fc1ðtÞ þ Fe1ðtÞ þ Fd2ðtÞ½  þ Fc3ðtÞ þ Fd3ðtÞ;
where Fck and Fdk can be determined from (9) and
Fe1ðtÞ ¼
Z a2
b1
X^ðsÞ
s t ds; ð39Þ
X^ðyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX4
i¼0
qðckÞiyi
vuut ; y ¼ t  e1; e1 ¼ b1 þ a22 : ð40Þ
Denote
ye1 ¼ a2  b1; y0e1 ¼ jye1 ¼ a02  b01; a02 ¼ a2 þ
j 1
2
ye1;
b01 ¼ b1 
j 1
2
ye1:
An approximation of X^ðyÞ for ðy0e1=2; y0e1=2Þ can be built as a
polynomial
X^ðyÞ 
Xne1
m¼0
gðe1Þmðy=y0e1Þm; ð41Þ
where ne1 is determined by the accuracy of approximation.
Substituting s ¼ e1 þ ye1x into (39) one can obtain
Fe1ðtÞ 
Z 1=2
1=2
X gðe1Þmðye1x=y0e1Þm
ye1x ðt  e1Þ
ye1dx ð42Þ
or
Fe1ðde1Þ 
Z 1=2
1=2
Xne1
m¼0
hðe1Þm
xmdx
x de1 ; ð43Þ
where
hðe1Þm ¼ gðe1Þm
ye1
y0e1
 m
¼ gðe1Þm
jm
; de1 ¼ de1ðtÞ ¼ t  e1ye1
: ð44Þ
The sequential integration in (43) yields
Fe1ðde1Þ 
Xn
m¼0
hðe1Þmfmðde1Þ; ð45Þ
wherefmðdÞ ¼
Z 1=2
1=2
xm
x ddx:
When jdj > 1
fmðdÞ ¼ d1
X1
j¼0
gmþjþ1d
j; gn ¼
0; when n is even
1=ðn2n1Þ; when n is odd

For jdj < 1 a recurrent formula can be used:
fmðdÞ ¼ gm þ dfm1ðdÞ; m ¼ 1;2; . . . ;n;
where
f0ðdÞ ¼
Z 1=2
1=2
dx
x d ¼ ln
1=2 d
1=2þ d

:
Then
fmðdÞ ¼
Xm1
j¼0
gmjd
j þ dmf0ðdÞ
and
Xn
m¼0
hmfmðdÞ ¼ VðdÞ þ f0ðdÞHðdÞ;
where
VðdÞ ¼
Xn1
m¼0
vmdm; HðdÞ ¼
Xn
m¼0
hmd
m; vm ¼
Xn
j¼mþ1
hjgjm:
Thus, for the given parameters of the model ck; ak; bk and dk
(k ¼ 1;2;3) we have the following value of Fe1ðtÞ for b01 6 t 6 a02
Fe1ðdÞ  Ve1ðdÞ þ f0ðdÞHe1ðdÞ; d ¼ de1: ð46Þ
To determine J1 from (38) the interval of integration can be split
into ﬁve subintervals ðc1; d2Þ ¼ ðc1; a01Þ [ ða01; b01Þ [ ðb01; a02Þ[
ða02; b02Þ [ ðb02; d2Þ. We denote the corresponding integrals as follows
J1 ¼
Z d2
c1
GðtÞ
X^ðtÞ
dt ¼ Ic1 þ Ice1 þ Iab1 þ Ide1 þ Id2: ð47Þ
Among the functions Fc1; Fe1; Fd2; Fc3; Fd3, function Fcl has nonin-
tegrable singularity on ðcl; a0lÞ (l ¼ 1 or l ¼ 3), Fdl has nonintegrable
singularity on ðb0l; dlÞ (l ¼ 2 or l ¼ 3) and Fe1 has nonintegrable sin-
gularity on ðb01; a02Þ.
The value of Ic1 can be calculated using (22). The value of Id2 can
be calculated using (23) when ed2 P 1 and using (33) when ed2 < 1.
It can be seen that in the above-mentioned equations ð1Þ3k should
be replaced with ð1Þ21 ¼ 1 and Bc1ðtÞ should be deﬁned as
Bc1ðtÞ ¼ ½Fe1ðde1Þ þ Fd2ðdd2Þ þ Fc3ðdc3Þ þ Fd3ðdd3Þ:5. Coalescence of all inner process zones (problem c)
In this case a vertical displacement of upper face of a slit with
two process zones can be obtained as
vðxÞ ¼ K1r1
X3
k¼1
Kðx; bkÞ  Kðx; akÞf g; ð48Þ
where
Kðx; nÞ ¼ ðx nÞ ln dðxÞ  dðnÞ
dðxÞ þ dðnÞ

; dðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x c1
d3  x
r
;
Coordinates of process zones ends can be found using a system
of equations
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Fig. 3. An example of the crack opening displacement plots calculated for three
different positions of the longest crack.
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k¼1 tan
1 dðbkÞ  tan1 dðakÞ
  ¼ p2 1 pr P3
k¼1 X^ðbkÞ  X^ðakÞ
n o
¼ 0
8<
: ; ð49Þ
X^ðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx c1Þðd3  xÞ
q
:
For a single crack one can obtain from (48) that
vðxÞ ¼ K1r1 Kðx; bÞ  Kðx;bÞf g: ð50Þ
In this case, the ﬁrst condition from (5) gives the following
dependence
2 arccos
b
d
¼ p p
r
:Fig. 4. Combined representation of crack opening displacement from F6. Numerical results and discussion
Fig. 3 shows crack opening displacement for three cracks of dif-
ferent lengths (0:5; 0:4;1) and three positions of the longest crack.
This opening displacement was calculated using (36) and shown
up to a factor K1r, which is a function of elastic constants.
Fig. 3 a corresponds to the problem awhen all process zones are
separated. Fig. 3 b is for problem c. For these crack positions the
problem a has no solution, process zones between second and third
cracks collate and the distancew1 between the ﬁrst and the second
slits is small. Fig. 3 c corresponds to the problem d when all inner
process zones collate.
Fig. 4 shows a transition from different kinds of the problem. So
we have problem a for a3 ¼ 1:08;1:07;1:06, problem c for a3 ¼ 1:05
and problem d for a3 ¼ 1:04;1:03;1:02.
The crack opening displacement near the tips is shown
separately in Fig. 5. We use dots to indicate the displacements of
the upper face of the cracks at the ends of process zones, vak;vbk
(k ¼ 1;2;3).
Consider the inﬂuence of the mutual positions of the cracks on a
deformation ﬁeld. To do so we can compare the process zones
length and the opening displacement at the crack tips with the
corresponding values for the single crack. For a single crack of
half-length l the length of process zones and the displacement at
the crack tips can be found as follows
yl1 ¼ l cos1
pp
2r
 1
	 

; v l1 ¼ K1r12l ln cos1 pp2r ;
where displacements are given up to the factor, which depends on
the elastic constants only.
Fig. 6 a shows the dependence of y0ck ¼ yck=yl1 (curves ck) and
y0dk ¼ ydk=yl1 (curves dk; k ¼ 1;2;3) on crack mutual positions
according to notation given in Fig. 2. Fig. 6 b shows the similar
dependencies of v 0ak ¼ vak=v l1 and v 0bk ¼ vbk=v l1 on the position of
the left tip of the third crack. As it was beforehand, we lock the
positions of two cracks, a1 ¼ 0:3; b1 ¼ 0:2; a2 ¼ 0:4; b2 ¼ 0:8, and
the position of the right tip of the third crack b3 ¼ 2:08. The posi-
tion of the left tip of the third crack, a3, has the values from 1:02
to 1:08. It can be seen that y0ck; y
0
dk;v 0ak and v 0dk are growing as the
left tip of the third crack approaches the other cracks. The inﬂuence
the third crack left tip position on the length of outer zones of the
other cracks (curves 1a and 3b) is negligible.
Fig. 7 shows combined plots of crack opening displacement
for the following crack tips positions a1 ¼ 1; b1 ¼ 0:5; a3ig. 3 with intermediate crack positions (a3 ¼ 1:03;1:04;1:06;1:07).
Fig. 5. Crack opening displacement near the tips for Fig. 4.
Fig. 6. The dimensionless process zone parameters of collating cracks for various position of the third crack.
Fig. 7. The crack opening displacement for two collating cracks and the distant third crack.
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Fig. 8. The dimensionless process zone parameters dependence on the third crack position.
Fig. 9. The dimensionless process zone parameters for r=p ¼ 6.
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a2 ¼ 0:4 to a2 ¼ 0:26. The problem should be solved as problem
b for a2 ¼ 0:4; . . . ;0:32 and problem a for a2 ¼ 0:3;0:28;
0:26. As it can be seen the inﬂuence of the position of a2 on the
opening displacement of the third crack is negligible.
Fig. 8 a shows dependencies of y0ck ¼ yck=v l1 (curves ka) and
y0dk ¼ ydk=v l1 (curves dk; k ¼ 1;2;3) on a2. Fig. 8 b shows the similarFig. 10. The dimensionless processdependencies for v 0ak ¼ vak=v l1;v 0dk ¼ vdk=v l1. The bending points
on the curves indicate the position when the process zones collate.
The numerical results are given for r=p ¼ 3. The dependencies
for the values depicted on Fig. 8 and the lower levels of loading
are shown in Fig. 9 (r=p ¼ 6) and Fig. 10 (r=p ¼ 9). As it can be
seen the curves become steeper for the lower levels of loading
(as the coalescence occurs for the closer cracks).zone parameters for r=p ¼ 9.
Table 1
Parameters of PMMA creep function.
k kk , days
1 bk , days
1
1 3.60105 3.95106
2 6.12104 3.74105
3 1.52104 3.02104
4 3.26103 2.27103
5 7.44102 1.68102
6 2.06102 13.2
7 69.5 1.44
8 21.7 1.47101
9 6.11 2.03102
10 5.44101 3.39103
11 9.51102 2.98104
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The solution that is given above can be used to determine
parameters of initial period of mode I crack development in a vis-
coelastic body under subcritical loadings.
According to [Christensen, 2003], the stress–strain relation for
isotropic non-aging linear viscoelastic material for uniaxial tension
and isothermal conditions can be written as a Boltzmann’s integral
eðtÞ ¼
Z t
0
Dðt  sÞdrðsÞ;
where D is a material creep function. This function can be described
with a satisfactory precision using the following well-established
model (Rabotnov, 1980)Fig. 11. The critical length vs. dimensionDðtÞ ¼ 1
E
1þ
X
k
kk
Z t
0
expðbksÞds
" #
ð51Þ
Parameters of this function for PMMA (E ¼ 2240 MPa) are given
in Table 1 according to (Kaminsky and Selivanov, 2005).
Equations for the stressed state of a linear viscoelastic plate
with cracks can be obtained from the equations of the previous
sections using the correspondence principle (Christensen, 2003).
So the time dependence of the transverse crack opening displace-
ment can also be written as Boltzmann’s integral. The moment
when the crack starts to grow can be determined as a moment
when the opening displacement at the tip of some crack reaches
its critical value. During the studied period of crack initiation ak
and bk should be constant but the opening displacement should
grow.
According to Eqs. (36) and (51), the displacement of crack faces
as a function of time can be written as
vðx; tÞ ¼ 2r
p
DðtÞv0ðxÞ; ð52Þ
where t is time and x is the coordinate and v0ðxÞ can be determined
using Eq. (37).
Whence the equation to determine the duration of the crack ini-
tiation period t0 is
4r
p
Dðt0Þv0max ¼ dc; v0max ¼ maxx ¼ ak
x ¼ bk
k¼1;2;3
vðxÞ
and the condition of subcritical crack state isless parameter of external loading.
Fig. 12. The initiation period duration t0 vs. dimensionless parameter of external loading.
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pE
v0max < dc:
For further numerical computations we use dc ¼ 30  106 m,
r ¼ 35 MPa (Gain et al., 2011).
Fig. 11 b shows a dependence of the critical length of the largest
crack in the system of three cracks where one of them is twice as
big as two others Fig. 11 a on the dimensionless external loading
parameter. The curves were plotted for the following values of L:
1 for L ¼ l, 2 for L ¼ 1:25l, 3 for L ¼ 1:5l, 4 for L ¼ 2l, 5 for L ¼ 1
(the last case corresponds to the critical length of a single crack).
The critical length is determined as
lc ¼ pEdc4rv0max ;
where v0max is calculated for a2 ¼ 0:5; b2 ¼ 0:5; a1;3 ¼ L
0:25; b1;3 ¼ Lþ 0:25.
Fig. 12 shows a dependence of the initiation period duration on
the value of the external loading for the positions of the cracks
from Fig. 11 (plot a is for l ¼ 1 cm, plot b is for l ¼ 2 cm and plot
c is for l ¼ 3 cm).
As it can be seen from ﬁgures, the bigger values of t0 correspond
to the bigger values of L and r=p.8. Conclusions
As it can be seen, the approach used in this work allows us to
obtain and analyze solutions for the problem of mutual inﬂuence
of positions of three collinear cracks in isotropic elastic body on
their opening displacements. The numerical analysis shows that
the opening displacement of the third cracks dependence on the
process of coalescence of other two cracks is negligible even for
the cases of very close cracks. Thus the conclusion is that the coa-
lescence process can be treated as almost independent from the
process of the third crack development.
The scheme that is used to solve the problem herein can also be
used to solve the problem for arbitrary number of cracks. It can
also be used to determine the service life duration of viscoelastic
isotropic and anisotropic bodies with crack sets, expanding the re-
sults from Kaminsky (1990), Kaminsky (1998) and Selivanov and
Chernoivan (2007).Appendix A. Comparison of the results of this work with the
results from literature
Herein, a comparison is given between the results for the open-
ing displacement in a system of three collinear cracks obtained in
this paper and the results for a periodical system of collinear cracks(Parton and Morozov, 1989). The potential functions for the peri-
odical system of cracks is
UðzÞ ¼ r1iC½fðzÞ þ r2 
p
4
; XðzÞ ¼ UðzÞ þ p
2
; r1 ¼ r2p ;
where
CðfÞ ¼ ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  a21
q
f l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  z2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  a21
q
fþ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  z2
p ; ðA:1Þ
fðzÞ ¼ sinpz
L
; a ¼ sinpðlþ dÞ
L
; a1 ¼ sinplL ;
where L is the distance between two adjacent cracks.
The displacement for the upper face of the crack is
vðxÞ ¼ K1r1
Z x
ðlþdÞ
Cx½fðsÞds
¼ K1r1 Lp
Z fðxÞ
a
CxðnÞdnﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
p ; CxðxÞ ¼ ReCþðxÞ: ðA:2Þ
To calculate this displacement for ðlþ dÞ 6 x 6 0 we present
CxðxÞ as
CxðxÞ ¼ ~CxðxÞ  ln ja1 þ xj;
~CxðxÞ ¼ ln ða1  xÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  a21
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
þ a2  a1xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  a21
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
þ a2 þ a1x


KxðxÞ ¼
Z x
ðlþdÞ
CxðsÞds ¼
Z fðxÞ
a
~CxðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds IðxÞ; IðxÞ
¼
Z fðxÞ
a
ln ja1 þ sjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds:
The principal value of second integral in the above expression
can be found as follows.
1. When jfðxÞ þ a1j < eIðxÞ ¼
Z a1e
a
ln ja1 þ sjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p dsþ F½fðxÞ  F½a1  e; ðA:3Þ2. When a1 þ e < fðxÞ 6 0IðxÞ ¼
Z a1e
a
ln ja1 þ sjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p dsþ F½a1 þ e  F½a1  e
þ
Z fðxÞ
a1þe
ln ja1 þ sjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds: ðA:4Þ
Fig. A.1. A comparison of normalized opening displacement in the problem of three cracks with two limiting cases of its solution known from literature.
Fig. A.2. A comparison of the process zone lengths in the problem of three cracks with two limiting cases of its solution known from literature.
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Z
ln ja1 þ xj
X1
k¼0
bkða1 þ xÞkdx
¼
X1
k¼0
bkða1 þ xÞkþ1 ln ja1 þ xjkþ 1 
1
ðkþ 1Þ2
" #
;bk ¼ y
ðkÞða1Þ
k !
; yðxÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p ;
yð2nÞða1Þ ¼
Pn
i¼0Að2nÞi  a21
 ni
1 a21
 2nþ1=2 ; yð2nþ1Þða1Þ
¼ a1
Pn
i¼0Að2nþ1Þi  a21
 ni
1 a21
 2nþ3=2 :
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1
2 1
6 9
24 72 9
120 600 225
720 5400 4050 225
5040 52920 66150 11025
40320 564480 1058400 352800 11025
362880 6531840 17146080 9525600 893025
3628800 81648000 285768000 238140000 44651250 893025
Fig. A.1 shows the normalized opening displacement
(vðxÞ=ðK1rÞ;r=p ¼ 3) in the system of three collinear cracks (solid
lines) and in the periodical system of cracks (outer dotted lines).
For a comparison, the normalized opening displacement for a sin-
gle crack is shown according to Eq. (50) (inner dotted lines). The
difference between the results is bigger for the smaller L.
Using Fig. A.2a one can compare lengths of process zones
(yck; ydk) in the system of three equidistant collinear cracks of equal
lengths with a length of process zones in the periodical system of
cracks (yp). The corresponding opening displacements at the crack
tips (vak;vbk and vp) can be compared using Fig. A.2b. The differ-
ence between the results diminishes for the large values of L. This
approves reliability of the results presented in this paper.
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